
Algorithms -Spring25

MSSPs



Recap
· HW posted, due next

Wed

↳ MST& Shortest Paths

· Next week's readings are up
·

Algorithms visualizer
:

demo]

· End time note: please stop
theif It do go over

!



Shortestoaths so for some
I

relaxingtense edges d(v) >
Key : di(u) + w(n=v)

Time to compute shortest path
tree rooted at any stV

.

· If your graph is unweighted

T BFS : ON + E)

If your groh
is a DAG :

Top sort
rDP : O (V+E)

·I no negative edges:
Dijkstra : OCElogV)



Pykstra : Saw 2 versions.

One of them j
works on negative Q - a

edges (no cycles) : u= s
-

worst case;
&

exptime



If negative edges and (potentially
negative cycles

:

Bellman-Ford

Runtime :

O(VE)
- or - ·

3



Multiple-Source Shortest Paths (MSSP)
MSSP(6) :
for each pair u,

VEG :

Compute shortest un

Compute shortest un
Store In Dist[u ,v]+

Dist[u ,]

Lookup :DistiO(D)



Computing MSSPs
:

↑

First attempt: (for each
vortex v
-

Run SSSP(u)
-

Bundue : O(x(Poly)
I

· If unweighted or a DAG ,
SSSP was

OCTE) - O(v(V+E))
·

nonegative edge weightDijkstrawasSlog
· Bellman-Ford was O(VE)
=> OlvE) = O(V")
tVe
-



Sidequestion :

Sincenegativeedges,
are bod

,
whyca

Idea: increase all edge weights by
some amount ,

so all positive :

Doesn'twork 2 longer
=8t
-

H +1 +3
longer
- 7- 10

why not reweighting5 the
some amount



Another Idea (that works) :

Suppose each v has a price attached,

πT(V) .

IStill have edge weights)
π(v)⑭werO
--

- +w(ntv)U - (v)
-T(V)

Define a new function w's

w(n- v) =π(u) +w(u
-(π()A

-=
-

Claim : Shortest path is unchanged :
all paths sky in

some"order"



Cam: under w', shortest paths
are

the same as under w.

Why? Consider 2 Suev paths :
#(Vz) +w(zeV) OTTNy

·weight
I
+ w(vi- vz)
- ... w(Vs-v)

purpleth after reweighting :
T[N(s)+w(s+v)] ⑭)+W(vt(2)

-

- TIEJ+.
↑(s)+(dpap -HV)a blue poth :
#(s) + original blue-H(V)



Johnson's algorithm for MSSP :

use this new
kind of weight

function ! -
O

·Run Bellman-Fond once from some -V

To no negative cycles or give upnotense
edses

(if it works) : let (v)
= d(s

,
v)

· Reweight
d(s

,
v) w(n-v)= d(s, u) +w()alsu) wa-v)
not tense

-d(s ,v)&-~(n)+ w(er) = d(s
,)

So

· Now ,
all paths are positive ,

so can use

faster algorithm for other
SSSPs !



Aside : Why positive?

After SSSP, no edges are
tense : al

↳so
sod,n)+ watv) =d)

rearrange :

↳ d(s, u) + w(n+ v)
- d(s
,
y)

= win- 1) 20



So-Algorithmi
-
directedgraph

Runtime :
-O(ElogV) -ONE)

P:+- - reveght

min
-

-TT(V) -VElogV
-
--

- -

Compare to nave : O(VE) = 0 (VI)
V us log V



MoImprovements
Set up

recursive approach :
Let distluvil) = best unsv-
path using

at most ledges.
-

Then
,

back to "keep relaxing edges"

proc
.

don't
use

another edge

Y
O

- ↳
we -

W

build legteTratlett



Code :

-[ -

Spath s
of length O

-might need
Vrl edges
-

↳-

Car - >
improve

↳ Runtime :

V2E

G ↳E
Y



Wait-> that's worse!

But
,
let's try a more

balanced

divide a conquer
:

Instead of going
m1 -> n ,

can we add longer paths?

-
-
⑪

-----
best new path of

length El



Code :
-
-
-

- parts X
-

- woo my

v
- -G
- -

C
can also save space

V3 log V
>



Can we get better?

Floyd-Warshall
:In stead of path length,

does

order vertices
1
, ...,
V Voter

- - order

Let dGyE =
best length path va
vodes labeledMr

Then -&· vorhas④ ⑪W& ↓~ ↳beleber-

⑧ --&



Recursion :

-

! ↳ use verter

don't use

Vertex r

code>



Runtimes

S



Nottopic : Flows & cuts


